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Abstract

In this paper, we prove a result concerning a conjecture of Ma from diophantine equations,
which is connected to an open problem on abelian difference sets of multiplier —1.

1 Introduction

A (v, k, \) difference set D in a group G is called reversible if {d~! : d € D} = D. If D is an abelian
difference set with multiplier —1, then there exists a translate of D that is reversible. Moreover,
there are two classes of reversible abelian difference sets, namely, those that satisfy v # 4(k — \)
and those for which v = 4(k — ). There is only one example in the first class, due to McFarland

[11]. More details can be found in [5]. McFarland [11] proposed the following conjecture.

Conjecture 1.1 (McFarland Conjecture). If D is a reversible abelian (v, k,\) difference set, then
either v = 4000, k = 775, A = 150, or v =4(k — \).

Investigating sub-difference sets of reversible difference sets, in [10], S.L. Ma proposed the

following conjectures, which imply the previous conjecture of McFarland:
Conjecture 1.2. Let p be an odd prime, a > 0 and b,m,r > 1. Then,
(1) Y = 22at2p2m _ 92at2pymAr 4 1 s q square if and only if m =r (i.e., Y =1);

(2) Z = 22b+2p2m _ obt2pymAT 4 1 s 4 square if and only if p=5,b=3, m=1,r =2 (ie.,
Z = 2401).

Part (1) of Conjecture 1.2 was confirmed by Le and Xiang in [6]. Nothing is known about part
(2) of the above conjecture. While we cannot prove the above conjecture, we are able to show the

following result.
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Theorem 1.3. Assume that p > 2 is a fized odd prime. Then the diophantine equation

IE2 — 22b+2p2m _ 2b+2pm+r +1 (1)

in positive integer unknowns x,b,m,r > 1 has at most 2°%000 solutions.

On a related note, we mention that in [1], Calderbank relates a certain class of [n, k| codes over

GF(q), where q # 2 is a prime power, to the diophantine equation
2% = 4¢" +4q + 1. (2)

He conjectured that (2), for ¢ # 3 a prime power, has only the trivial solutions (+z,n) = (2¢+1, 2).
This was proved in the affirmative by Tzanakis and Wolfskill [14, 15]. Of a similar type is the
diophantine equation 22 = 422 y™*" 4 e4y™ + 1, € = £1, which was studied by Luca [7], who
proved that every solution of such an equation with > 1,y > 1 and m, n of the same parity must
satisfy 22 = ¢y~ and & = 2y"+e¢. Moreover, in [8, 9], Luca found all solutions of 2 = 4¢™ —4¢"+1
and of 22 = p® + p® + 1, respectively.
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2 Preparations

We start by recalling a particular instance of a quantitative version of the Schmidt Subspace
Theorem due to J.-H. Evertse [4].

Let Mg be the set of all the places of Q. For x € Q" and v € Mg we put |z|, = |z] if v = 00
and |z|, = p~°"9(*) if 4 corresponds to the prime number p, where ordy(z) is the order at which p
appears in the factorization of . When z = 0, we set ord,(x) = oo and |z|, = 0. Then the product

formula

H 2|y =1

veEMq
holds for all z € @*. Let N > 2 be a positive integer and define the height H(x) of x = (x1,...,2N) €
QY as follows. For v € Mg, write

N

x|y, = (Z x?)lﬂ if v = o0,
i=1

x|, = max{|z1|y,...,|TN]|v} otherwise.



Then,
He) =[] I

veMq
For a linear form L(x) = Zfil a;z; with a = (ay,...,ay) € QY, we write H(L) = H(a).

We now let N > 2 be a positive integer, S be a finite subset of Mgq of cardinality s containing
the infinite place, and for every v € S, we let Ly ,,..., Ly, be N linearly independent linear forms

in N indeterminates with coefficients in @ satisfying
H(L;») < H fori=1,...,Nandv € S. (3)

Theorem 2.1. (The Subspace Theorem.) Let 0 < § < 1 and consider the inequality

Al ‘Liv(xﬂv Ns
HHW < H |det(L1 v, .-, Lnw)|o | H(x) . ()

veS i=1 veS

Then the following hold:

(i) There exist proper linear subspaces T, ..., T, of QY with
S
t < (260N25—7N> ’ (5)

such that every solution x € ZN\{0} of inequality (4) satisfying the inequality H(x) > H
belongs to T1 U --- UTy, .

(i) There exist proper linear subspaces T7,...,T{, of QN with
ty < (150N*6~ 1Nt (2 loglog 2H), (6)

such that every solution x € ZN\{0} of inequality (4) satisfying the inequality H(x) < H
belongs to T7 U --- UTY,.

We shall apply Theorem 2.1 to the finite subset S = {2,p, 00} of Mg and certain systems of
linear forms L;, with i =1,...,N, and v € S. In our case, the points x for which inequality (4)
will hold will be in (Z*)". In particular, the inequality |x|, < 1 holds for all v € Mg\{oc} as well
as the inequalities

N <H(x) < [] Ixlo < Nmax{|a;| : i=1,...,N}. (7)
vES

Finally, our linear forms will have coefficients 0 and +1 (hence, we may take H = N), and will
satisfy
det(Liy,...,Lny) = £1 forallv e S. (8)

Thus, H(x) > N = H holds for all such points x € Z*. The following statement is a straightforward

consequence of Theorem 2.1 above.



Corollary 2.2. Assume that (8) is satisfied, that 0 < 6 < 1, and consider the inequality

N
LT 1LiwG0)le < N70 (max{|a| + i=1,...,N})~°. (9)

veS i=1

Then, there exist proper linear subspaces T4, ...,T;, of QN, with
60N2 c—7N\°
t < (2 5 ) , (10)
such that every solution x € ZN\{0} of inequality (9) belongs to Ty U--- U Ty, .

Recall that an S-unit is a nonzero rational number z such that |z|, = 1 for all v ¢ S. We need

the following version of a theorem of Evertse [3] on S-unit equations.

Theorem 2.3. Let ay,...,an be nonzero rational numbers. Then, the equation
N
i=1
in S-unit unknowns u; fori=1,...,N has at most (25 N2)N°s solutions such that Y oicr @ity # 0

for each nonempty subset I C {1,...,N}.

We are now ready to proceed with the proof of our result.

3 Proof
3.1 Elementary Results
We start with the following lemmas.

Lemma 3.1. Assume that (x,b,m,r) is a solution of equation (1). Then r >m and p™ < 2°.

Proof. Note that
.'172 — 22b+2p2m _ 2b+2pm+r + 1 < 22b+2p2m _ 2b+2pm + 1 — (2b+1pm o 1)27

therefore z < 20+1p™ — 1. Moreover, since 22 = 1 (mod 2p™), it follows that 2 = +1 (mod 2p™).
Hence, in fact, z < 20T1p™ — 2p™ + 1, therefore
2
92b+2,2m _ gb+2ymr g < (2b+1pm —(2p™ — 1))
226+2p2m _ 2b+2pm(2pm _ 1) + (2pm _ 1)27
leading to
2"F2p™ (2p™ — p — 1) < (2p™ - 1)% < 4p”" (12)
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If r < m, then 2p™ —p" —1 > p™ — 1 > p™ /2, and moreover 2042 > 8 by our assumption b > 1.
Therefore,

contradicting (12). Hence, r > m. Now
(¢ =Dz +1) =2 - 1=2"2p? (2" — p'=™), (13)

and since ged(rx — 1,2 + 1) = 2, it follows that 2p?™ | = + 7 for some n € {£1}. Hence, = —
n | 24712 — pr~™). We therefore get that 2p*™ < z + 1 and x — 1 < 2071(20 — p"=™). Thus,

9p?™ < bHl(gb _prom) 9 — 92+l _ gbtlyrom 4o < 92il g
because b > 1, r —m > 1, and p > 3. The above inequality leads to p>™ < 22® — 5 < 2% therefore
pm < 2b. O
Lemma 3.2. Let (z,b,m,r) be a solution of equation (1). Then,
(i) m is uniquely determined by b and r — m;
(ii) r is uniquely determined by b and m.

Proof. (i) Assume that b and r — m are fixed. Let b = 2by + ¢, where ¢ € {0,1} and put D =
2¢(20 — pr=™). Equation (1) implies that

.%'2 _ D(2b0pm)2 — 1.

In particular, (X,Y) = (x,2%p™) is a solution of the Pell equation X? — DY? = 1. It is known
that all such solutions are of the form (X, Y}) for some positive integer k, where (X7,Y7) is the

minimal solution and for £ > 1, the positive integers X and Yj; can be computed using the formula
X+ YeVD = (X1 + Y1VD)*,

Assume now that there exist positive integers k1 < kg, such that Yy, = 2%0p™ and Y}, = 2b0p™2.
Clearly, m; < mg, and since Yy, | Yj,, it follows that k; | k2. Since all prime factors of Yy, are
also prime factors of Yy, , it follows that Y, does not have primitive divisors in the terminology
from [2]. The results from [2] show that this is possible only for ko € {2,3,4,6,12}. Moreover,
it is known that if ko/k; is even, then Yy, /Yy, is also even, which is not our case because for us
Yi,/Yi, = p™27 ™. It is now easy to see that the only possibilities are ko = 3k; and ky € {1,2,4}.
Since Yai, = Y, (4)(,31 — 1), we get p™2~™ = 4)(,%1 —1=(2X), —1)(2Xg, +1). The two factors
2Xj, — 1 and 2Xj, + 1 are coprime, therefore the above equation leads to 2Xj;, —1 = 1. Thus,
X, =1, which is impossible because X,%l - DY/,CZ1 =1and Yy > 1.
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(ii) Let (x, b, m, ) be a positive integer solution of equation (1). From equation (13), we conclude
that either 201p®™ divides one of z 4+ 1 or z — 1, or 2b*! divides one of them and p?™ divides the
other. In the first case, we get that 20+1p?™ | z4-n for some n € {41}, therefore z —n | 2(2° —p"—™).
Thus, 20+1p?™ <24+ 1but z — 1 < 2(2° — p"~™) < 2°+1. We then get that

b+l g < gbtly2m < 4y ] < obtl 4o
which is impossible. Hence, we must be in the second case, so we may write
z—n =211 r+n=2p""pu, =20 —pr ™, (14)
where n € {£1} and A, u are positive integers. From equation (14), we derive
P — 2" =n. (15)
We now note that A < p™. Indeed, since x < 20T1p™ — (2p™ — 1) < 2b+1p™ — 5 we have that
2b+1)\:x—77§x+1 < obtlpm g < obtlym

therefore

A<p™. (16)

Assume now that m and b are fixed. Let A = p?>™, B = 2°. Then all positive integer solutions
(1, A) of equation (15) for a fixed value of n € {£1} are of the form p = pg + Bl, A = Ao + AY,
where ¢ > 0 is a nonnegative integer and (19, Ag) is the minimal solution of equation Ay — B\ = 1.
Since for us A < p™ = A, it follows that our values for u and )\ are the minimal ones. Hence,

™ = A, it follows that r — m is uniquely

both A and p are uniquely determined and since 2° — p™™
determined, too. It remains to show that given m and b there is at most one value of n € {£1}
such that if (10, A\o) denotes the minimal solution of equation (15), then A\gug = 2° — p"~™. Well,
assume that this is not so and let (uo, Ag) be the minimal solution of equation (15) for n = 1. Then

(2% — g, p®™ — o) is the minimal solution of equation (15) for n = —1. We then get equations
>\0,UJO _ 2b _ pr—m and (p2m _ )\0)(217 _ ,UO) _ 2b _ pr’—m’

for some integers r and ' both exceeding m. Substracting the first equation from the second we
get

p2m2b o p2mH0 . 2b)\0 — prfm . pr 7m’
which leads to the conclusion that p | 20\, which is impossible. Hence, if m and b are fixed, then

n € {£1} as well as A and p (hence, r too) are uniquely determined. O



3.2 An application of S-unit equations

We keep the previous notations. In particular, A\, u and n will have the meaning of (14). Here, we

prove the following result.

23159

Lemma 3.3. There are at most solutions (x,b,m,r) of equation (1) having a fized value of

A
Proof. Writing z = 21\ 4+ 5 and inserting this into equation (1) we get
22b+2)\2 4 2b+2,,7)\ 4 1= 22b+2p2m _ 2b+2p7”+m 4 1’

or

2NZ 4\ 4 prtm — 2bp?m — 0, (17)

When ) is a positive integer, the above equation (17) is a particular case of an S-unit equation as

it can be rewritten as
1, 1
A(=n2) + 3 (=™ ™) + S (n2'p*") = 1, (18)
and we can take

(a1,a2,a3) = (A, 1/\,1/N) and  (x1, x9, x3) = (=328, —np"t™, n20p®™).

It is easy to see that equation (18) is nondegenerate. Indeed, if it is degenerate, then one of the
relations 2°XA = —n, or p"t™ = —p\, or 2’p>™ = n\ holds. However, none of those relations is
possible because b, m and r are positive and X is coprime to 2p. Hence, by Theorem 2.3, we get

that equation (17) has at most
(235 . 32)34 < (239)81 — 93159
solutions b, m and r. O

3.3 The first application of the Subspace Theorem

Let € > 0 be some small positive real number to be fixed later. Here, we prove the following result.

Proposition 3.4. There are at most
2720 (2~ 1) (19)

positive integer solutions (x,b,m,r) of equation (1) such that

(2—¢e)mlogp —log A\ > eblog2. (20)



Proof. Let N = 2, x = (x1,22). Let also L;, be the linear forms in Q* for i = 1, 2, and v € S,

given by Lq (%) = 21 — @2, Laco(x) = 21, and L; ,(x) = x; for all (i,v) € {1,2} x {2,p}. It is
clear that L;, and L, satisfy condition (8) for all v € S. Let x = (2PN, p"p) € Z?. Note that

|1 L1,00 (%) 00| L2,00 (%) |00 = [p?™ 1 — 20X 2°A = 2P,

and

2

1
IT II 12wl = lmlalmilpleslolealy = 5o
i=1ve{2,p}

Hence,
2

H H ’Li,v(x)’v < p;\m

i=1veS
Assume that inequality (20) holds. Then

2m
log <p)\> = 2mlogp — log A > g(blog2 + mlog p) = elog(2°p™),

therefore the inequality
P
A
holds. Since 2°\ < 2°p™ (see (16)), and

> (2bpm)e

PP =224+ <282A+1<2(pm —1)+1 < 2%™,

it follows that 2°p™ > max{x1,x2}. Equations (21) and (22) now imply that the inequality
2
TTTT 12600l < (mas{a, z2})
i=1veS
holds. Since max{xy,x2} > p > 2 = N, it follows easily that the above inequality implies
2
TTTT 1Ziw()le < 27572 (max{as, 25}) /.
i=1veS

Corollary 2.2 now immediately tells us that there exist at most

t < (260-22(2/5)7-2)3 — 9720 (2571)42

(21)

(22)

(24)

finitely many proper subspaces of Q2 such that x belongs to one of those. In particular, there

exist rational numbers 71,..., 7, such that zy/xy = r; for some j € {1,...,¢;}. This implies that

¥ u/2°X = r;, and since A and p are odd, coprime (see equation (15)), and coprime to p, it follows

that m, b, A and p are uniquely determined in terms of r;. Since Ay = 20 — pr=m it follows that

r is also uniquely determined in terms of r;.

O



3.4 The second application of the Subspace Theorem

From now on, by Proposition 3.4, we may assume that ¢ € (0,1) is as small as we wish and that
(x,b,m,r) is a positive solution of equation (1) with (2 —e)mlogp —log A < eblog2. We assume
that € < 1/10.

We first make some observations about these solutions. Clearly,
om 2eb 2 &b 1
Pt < 22— N2 < 212 \T—=, (25)
Furthermore,
b 2m - b= p r—m b £ e
2)\_1§p M<217e)\17£()\u):2175)\175(2 —p )<2 .2175)\175;

hence,

A< 2212\,

leading to
A< 2175 . 9T (26)

Inserting estimate (26) into estimate (25), we get

o <otz ot (Fetaeate)| (27)
therefore
ApP < 212_7_255 .256<%—e+1+25+m),
Since ) . ) .
1__285<3 and 1—5+1—25+(1—5)(1—2<€)<4

when ¢ < 1/10, we get that in this case
Ap?™ < 8- 2%, (28)

Furthermore, by inequality (27) and the fact that

! <2 d ! + ! <3
an
1—2¢ 1—e (1—¢e)(1-2¢)

for e < 1/10, we also get that
PP < 4. 230, (29)

We now observe the approximation

I 1 o]
200+ 20A(1+7n/(20X))  20A (260)2 )

9



where the constant implied by the above O can be taken to be 2. Multiplying the above estimate

by 2° — p" ™™, we get that
21) _ pr—m 1 pr—m 4

I £ < =
P W W T
We put N =3 and let L;, for (i,v) € {1,2,3} x S be the linear forms given by

(30)

L oo(x) =21 — 22 + 23,

and L;,(x) = x; for all other choices (j,v) € {1,2,3} x S\{(1,00)}. It is easy to see that the forms
L1, Loy, L3, fulfill condition (8) for all v € S. Note that we may write

b _ prm A
= ) 1
22X +n  pm (31

Let B = p?™2°\. We evaluate the double product appearing in the left hand side of inequality (4)

for the vector Bx, where

2b _ pr—m 1 pr—m
— S == 32
€1 2b)\+77 ) T2 )\7 z3 Qb)\ ( )
It is easy to see that Bx € Z”. By estimate (30), we have
4B
|L1,oo(BX)|oo < ? = 4)\p2m7 (33)
while
1
H [ L1,(Bx)]o = H |Bas |y = H |2b)\2|v 90 (34)
ve{2,p} ve{2,p} ve{2,p}
For the remaining forms, we have
3
B| (p"™B
T LBl =TT |5 | |55, = TL 2 ol = 1. (35)
J=2veS ves Y oves
Multiplying estimates (33), (34) and (35) and using inequality (28), we get
3
4\p*™ 32
H H | Ljw(Bx)]y < ob S (2b)—2&"
j=1lves
Furthermore, since
max{Bx1, Bxo, Bxs} = max{2°\, 2°p?™ p'} = 2bp?™ < 4. b(1432)
(see (29)), it follows that the above inequality implies that
3
32 143e _1l-de
H H |Ljw(Bx)l, < oy < 32-47-% . (max{Bx, Bxg, Brs}) 1+3¢
j=1lvesS
< 2" (max{Bz1, Bz, Bx3})™ %, (36)
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(1 —4e)

where we set (5 = m

. In the last inequality above we used the fact that

1+ 3¢
2.5
1—14e <

for e < 1/10.

Let us suppose first that max{Bx1, Bxy, Br3} < (3 . 210)671 . Then 2° < max{Bux1, Bxy, Bx3} <
(3 . 210)671, therefore b < 126~1. Since p"~™ < 2b, we get that r —m < 126~!, and, by Lemma 3.2,
it follows that there are at most (126~')? such solutions (z, b, m,r). When max{Bz1, Bxa, Bx3} >
(3 : 210)671, then the above inequality (36) implies

3
H H |Ljv(Bx)|y < 37! (max{Bzy, Bz, Bxg})_(s,
j=1veS

and, by Corollary 2.2, it follows that all the solutions x of the above inequality belong to at most
63
t < (260325—7.3)3 _ 91620 2(1 + 4e)
- 1-— 3¢

proper subspaces of Q3. We now take ¢ = 1 /11. Then 6 = 1/4. By the above remarks and

Proposition 3.4, it follows that except for at most

solutions (x,b, m,r) of equation (1), all the other ones have the property that (x,x2,x3) belongs

to at most
91620 (22)63 _ 91746

proper subspaces of Q3. Let 121 + coxo + c3x3 = 0 be one of such subspaces. The proof of the

Theorem 1.3 will be completed by the following lemma.

Lemma 3.5. Let T be a proper subspace of Q3. Then there exist at most 223200

on T of the form

solutions (1, x2,x3)

Al me) )

(71, T2, 73) = <p2m, NP DN

with some positive integer A > 1, coprime to 2p and satisfying equation (17).

Proof. Let c1x1 + coxo + c3x3 = 0 be the defining equation of 7. If ¢; = 0, then 2b¢y + c3p™ ™ = 0.
Clearly, cocs # 0 and now b and r —m are uniquely determined. By Lemma 3.2, m is also uniquely
determined. So, we may assume that ¢; # 0. In particular, we may take ¢; = 1. If ¢o = 0, we then
get the equation A22° = —cgp™ ™™, and since \ is coprime to 2p, it follows that A, b, and r — m are

uniquely determined. By Lemma 3.2, m is also uniquely determined. Thus, we may assume that

11



ca # 0. If c3 = 0, we then get A\ = —cop®™, which shows that A\ and m are uniquely determined.

23159

Since A and m are fixed, Lemma 3.3 shows that equation (17) has at most solutions (b, r+m).

23159 solutions (A, b, m, 7). Assume now that cocg # 0. By

Hence, if ¢35 = 0, then there are at most
substituting the values of x1, x9 and z3 given by (32) into the defining equation of 7, we obtain
2b _ prfm 1 prfm
————— 4+ o~ +e3—— =0,
Pxtg 2N T By

which is equivalent to
2b/\((1 + 02)2b +(es—=1)p"™) = —77(022b +esp™™).

If (1+¢2)2° + (c3 — 1)p"™™ = 0, then also c22° + c3p"™™ = 0, which is impossible. Assume now
that (14 ¢2)2° + (c3 — 1)p"~™ # 0. Then,

22 + c3p™™

77(1 + )20 + (e3 — L)pr—m

2°N = —

Inserting the above relation into (17), we get

( 228 + c3p” ™ )2 c22b + c3p’ ™
(14 ¢2)2° 4 (e — 1)pr—™ (1+c2)20 4 (c3 = 1)pr—m
+ 2b(pr+m . 2bp2m) — O,

which can be rewritten as
_022211 + (02 - 63)2bpr—m + C3p2(r—m) + (63 - 1)226p3r—m
— (14 2)%2%p®™ (1 + ¢3)(cp — 2¢3 4 3)2%p+m
+ (e3—1)(2c0 — c3 + 3)2%p* = 0. (38)

The above equation is an S-unit equation in 7 indeterminates. If it is nondegenerate, it then has

at most
35  ~2\73:3 4111029 _ ;42189
2% 7)< (2Y) T =2

solutions, by Theorem 2.3. For each such solution, 22 / (2pr*m) is uniquely determined, and by
Lemma 3.2, the solution (z,b, m,r) is uniquely determined as well. It thus remains to study the
degenerate cases. Every degenerate instance induces a partition of the set with (at most) seven
elements into disjoint subsets of cardinality at least 2. Thus, there are at most 3 such disjoint

subsets, therefore the total number of such partitions does not exceed
7.(27)3 < 23. 9% = 924
We now show that in each of these cases, (x,b, m,r) is uniquely determined. Let
(y1,...,y7) = (221)’ 2bpr—m’p2(r—m), bp3r—m odby2m 93b,rtm 22bp27’).
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Note that since cocy # 0, it follows that y; and ys effectively occur. Since y; appears, it follows
that there must be another variable which appears in the same equation with y;, and therefore b is
uniquely determined. If two of the first three unknowns, or two of the last four unknowns appear
within the same nondegenerate equation, then » — m is uniquely determined and, by Lemma 3.2,
(x,b,m,r) is uniquely determined. Thus, it suffices to study the case in which each subequation has
exactly two terms, one from the first group of 3 and one from the last group of 4. If y; and y; for
1 =4,5,6,7 appear in the same equation, then 3r —m, 2m, r +m, or 2r are uniquely determined,
respectively. If y3 and y; for i = 4,5, 6,7 appear in the same equation, then r+m, 4m—2r, 3m—r,
or 2m are uniquely determined, respectively. It is now easy to see that any pair consisting of an
exponent from the first group and one from the second group being determined implies that both
m and r are determined, with the exceptions when one of the subequations contains y; and ys
and the other y3 and y7, or one of the equations contains y; and yg and the other contains y3 and
y4. Assume that we are in the first instance. Then m is determined. Since the coefficient of y7 is
(c3 —1)(2c2 — 3+ 1) is nonzero, it follows that ¢ # 1. Hence, y4 appears. If it appears in the same
subequation with y; (hence, also y5) or with y3 (hence, also y7), we get immediately that r is also
determined. If not, it must appear in a different equation involving at least one of yo or yg, and it
is easy to see that r is also determined. Assume that we are in the second instance. Then r 4+ m is
determined. Since the coefficient of yg is (1 + ¢2)(c2 — 2¢3 + 3) is nonzero, we get that 1 + co # 0.
Hence, y5 also appears with nonzero coefficient. If y5 appears in the same equation as y; (hence, as
yg also), we get that m is determined, therefore both r and m are determined, while if y5 appears
in the same equation as y3 (hence, as y4), then 2r — 4m is determined, therefore again both r and
m are determined. Finally, if y5 does not appear in any of the above two equations, then it must
appear in an equation involving either yo or y7. Hence, either r — 3m or 2m — 2r are determined,
therefore both r and m are determined. This completes the proof of the claim that every solution
of equation (38) determines (z, b, m,r) uniquely. Since the function (23%(N?2))¥ ’s i subadditive in

N for fixed s, it follows that the totality of solutions does not exceed

924 942,189 _ 942,213

which completes the proof of Lemma 3.5. O

2931

To summarize, except for solutions (z,b,m,r) of equation (1), each solution has the prop-

21746

erty that the vector x shown at (37) lies on one of at most proper subspaces of @3, and each

one of such subspaces contains no more than 242213 such points x by Lemma 3.5. Thus, the total

number of solutions (x,b, m,r) of equation (1) does not exceed

931 1746 42,213 50,000
9931 4 91746 9 < 250,000,
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which completes the proof of Theorem 1.3.

4 Comments

The bound we found for the number of solutions does not depend on the fixed prime p. It is perhaps
true that a refined version of our argument can be used to prove the following more general result.

Let S be a fixed finite set of prime numbers of cardinality s. Then, the diophantine equation

1'2 _ u2b+2v2m - ub+2vm+r +1

in positive integers x,u,v,b, m,r with coprime S-units v > 1 and v > 1 has only finitely many
solutions. Moreover, the number of such solutions does not exceed a computable number depending

only on s. We have not verified the details of such a result.
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